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Abstract—Due to the limitations either on the sizes of devices
and signal routing channels, the current planar integrated optical
waveguide circuits await for the further developments into the
three-dimensional (3D) integrations, although their designs and
fabrications are still challenges. In this paper we demonstrate
an analytical method, basing on the invariant engineering, to
overcome the complication in the usual method by numerically
solving the relevant 3D coupled-mode equations for designing
various 3D optical waveguide devices such as the typical couplers.
Our method is based on the quantum-optical analogy, i.e., the
Maxwell equation for the electrcomagnetic wave prorogating
along the waveguide structure in the spatial domain is formally
similar to the Schro¨dinger equation for the evolving quantum
state in the time domain. We find that the spatial-domain
invariants can be effectively constructed to solve the 3D coupled-
mode equations, analogously to solve the dynamical evolutions
of quantum systems in the time-domain. As a consequence, as
long as appropriately set the coupling parameters between the
3D interconnected waveguides, the 3D three-waveguide couplers
could be designed for various desirably power divisions. As the
invariant method is a natural shortcut to the adiabaticity, the
compacted devices designed by the invariant-based engineerings
are robust against the coupling coefficient variations and the
coupler lengths.
Index Terms—Coupled-mode equation, Quantum-optical anal-
ogy, Three-dimensional three-waveguide couplers, and Three-
dimensional integrated optics.
I. INTRODUCTION
INTEGRATED optics technique has been rapidly developedto meet the growing demands in optical communications.
Currently, the most conventional integrated optical devices
are fabricated on the two-dimensional planes [1]. That is
to say, it can only process optical signals in a single plane
space, and thus the number of data channels on an integrated
chip is limited by its horizontal dimension. In order to high
effectively implement the desired large data streams, image
processing, neural networks, optical parallel logic operations
and optical interconnection of integrated circuit chips, etc., the
data transmissions between different layers to expand the more
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data channels are required naturally. Therefore, designing and
fabricating various three-dimensional (3D) integrated optical
devicesis are particularly expectable [2], [3], [4], [5], [6].
Naturally, the 3D integrations provide the desired additional
dimensions and thus can effectively expand the number of
communication channels. In practical, based on the reliability
and structural stability of the current two-dimensional (2D)
integrated optical technique, the 3D integrated optical tech-
nology for implementing the 3D routings is feasible [1].
Traditionally, the designs of waveguide devices are based
on the solutions of the relevant coupled-mode equations,
which are delivered from the corresponding Maxwell equa-
tions describing the transports of electromagnetic waves in the
waveguide structures. In the coupled waveguides, the coupled-
mode equations are usually too complicate to be analytically
solved and thus designing the devices by numerical methods
to realize various desirable functions are very inconvenient.
Recently, using the quantum-optical analogies to simplify the
solutions of the coupled-mode equations has being attracted
much attention in recent years [7], [8], [9], [10], [11], [12],
[13], [14]. This is because that the Maxwell equation for the
electromagnetic wave prorogating along the curved waveguide
structure in the spatial domain is formally similar to the
Schro¨dinger equation for the quantum state evolving in the
time domain.
Given various analytical methods to solve the Schro¨dinger
equations have been developed well for the evolutions of the
relevant quantum systems, various quantum-optical analogies
are useful to solve the coupled-mode equations for designing
the various waveguide devices. For example, the adiabatic
coherent quantum algorithms, typically such as the atomic
stimulated Raman adiabatic passages [15] and coherent tun-
nelling adiabatic passage [16], for coherently manipulating
the population transfers between the selected quantum states,
have been used analogously to design certain waveguide
devices wherein the intensity distributions of the light could be
controlled deterministically. Specifically, the planar directional
optical couplers had been designed by applying the analogies
of the adiabatic quantum algorithms [12], [13], [14], and
sequentially can be fabricated and verified experimentally [17].
One of the advantages of the adiabatic designs is that, the
coupling efficiency is insensitivity against the settings of the
inter-waveguide coupling parameters and also the wavelengths
of the waveguides. However, due to the limitation of adiabatic
criterion, the lengths of the coupled regimes can not be
shortened easily. As a consequence, the method of shortcuts
to the adiabaticity is necessary [8], [18] for lowering the sizes
of the designed devices.
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2Beyond the adiabatic limit, several adiabatic shortcut meth-
ods to implement the fast population transfers in two- and
three-level atomic systems have been demonstrated [19], [20],
[21], [22], [23], [24], [25], [26] in quantum physics. Basically,
to control the fast evolution of a driven quantum system, we
need to exactly solve the time-dependent Schro¨dinger equation
jh¯
∂
∂t
|Ψ(t)〉 = H(t)|Ψ(t)〉, (1)
with the parameter-designable Hamiltonian H(t). However,
such a solution is not easy to be obtain without the adiabatic
approximation. Fortunately, if a so-called dynamical invariant
I(t) satisfying the condition:
dI(t)
dt
=
∂I(t)
∂t
− 1
jh¯
[H(t), I(t)] = 0, (2)
can be found, then the generic solution to the corresponding
Schro¨dinger equation (1) can be constructed as
|Ψ(t)〉 =
∑
n
cne
jαn(t)|Φn(t)〉. (3)
Here, |Φn(t)〉 is the instantaneous eigenstate of the dynam-
ical invariant I(t) corresponding to the time-independent
eigenvalue λn, and αn(t) = h¯−1
∫ t
0
〈Φn(t′)|jh¯∂/∂t′ −
H(t′)|Φn(t′)〉dt′ the Lewis-Riesenfeld phase [27]. With such
an exact solution, the quantum evolution of the driven system
can be engineered by designing the proper time-dependent
Hamiltonian. Obviously, the invariant method provides an ef-
fective approach to implement the fast quantum controls [27],
[28], [29], [30], [31], [32], [33], and could be applied to
design the compacted optical waveguide devices by using the
quantum-optical analogies [34].
In this paper, we develop a spatial-domain invariant method
to exactly solve the coupled-mode equations for the three-
waveguide structures and discuss how to engineer the inter-
waveguide coupling parameters for designing the relevant
3D integrated optical waveguide devices. Certainly, this is
a natural generalization of the shortcuts to adiabaticity de-
veloped previously for designing the compacted waveguide
devices [18], [11], [34] in a plane. Probably, one of the most
advantages in this method is that the coupled-mode equations,
for the three-dimensional waveguide structures [35], [36] with
various inter-waveguide coupling parameters, can be solved
analytically, rather than numerically [37], [38]. This provides
an effective approach to design the compacted 3D waveguide
devices specifically, e.g., the couplers for realizing designable
power distributions between the waveguide in different layers.
Hopefully, our approach provides an attractive solution to
design various ultra-dense 3D integrated optical devices and
also demonstrate novel quantum-optical effects.
II. EXACTLY SOLVING THE COUPLED-MODE EQUATIONS
FOR THREE-WAVEGUIDE STRUCTURES WITH ARBITRARY
INTER-WAVEGUIDE COUPLINGS BY INVARIANT METHOD
Let us consider a relatively simple three-waveguide structure
shown schematically in Fig. 1(a), i.e., a 3D waveguide cou-
pler. Here, each waveguide can be coupled to the other two
waveguides. For the simplicity, we suppose that one waveguide
Fig. 1. (a) A three-dimensional three-waveguide coupler, which is corre-
sponding to a driven ∆-type three-level quantum system (b).
supports only one mode, i.e., the waveguide m (m = 1, 2, 3)
supports the propagating mode |Ψm〉, with
|Ψ1〉 =
10
0
 , |Ψ2〉 =
01
0
 , |Ψ3〉 =
00
1
 . (4)
The electric field of the light at the arbitrary spatial point
in the coupler can be generically expressed as E(x, y, z) =∑
m=1,2,3 am(z)exp(−jβmz)|Ψm〉 with am(z) and βm being
the amplitude and propagation constant of the mth mode at the
spatial point z along the propagation direction, respectively.
Based on the Maxwell equations, the propagation of the
light in the present coupled-waveguide system can be ex-
pressed by the following coupled-mode equation [39]:
j
d
dz
am(z) =
∑
m6=l=1,2,3
Ωml(z)al(z)e
−jδβm,l , (5)
with Ωml being the coupling coefficient between the m-
th and the l-th waveguides, and δβm,l = βm − βl. Note
that the coupling coefficient Ωml could be complex for the
multilayer waveguide couplings [40], [41]. Let A1(z) =
a1(z)e
−jδβ1,2z, A2(z) = a2(z), and A3(z) = a3(z)e−jδβ3,2z ,
we have
j
d
dz
A1A2
A3
 =
δβ1,2 Ω12 Ω13Ω21 0 Ω23
Ω31 Ω32 δβ3,2
A1A2
A3
 . (6)
Specifically, when δβ1,2 = δβ3,2 = 0, the coupled-mode
equation reduces to
j
d
dz
A1A2
A3
 = H(z)
A1A2
A3
 , (7)
with
H(z) =
 0 Ω12(z) Ω13(z)Ω21(z) 0 Ω23(z)
Ω31(z) Ω32(z) 0
 . (8)
This equation is formally equivalent to the time-dependent
Schro¨dinger equation for a resonantly-driven ∆-type three-
level artifical quantum system with close-loop dipole-transition
structure [42], [43], see, Fig. 1(b), by just replacing the time
variable t as the spatial variable z. Therefore, the present
problem for the light power transfers between the coupled
3waveguides is analogous to that for the population transfers
between the three atomic levels. The roles of the designable
inter-waveguide coupling coefficients in the present system are
correspondingly analogous to the coherent fields applied to
drive the relevant atomic dipole-transitions.
As the typical application of quantum-optical analogy, we
now analytically solve the coupled-mode equation (7) by
generalizing the dynamical invariant method demonstrated by
the Eqs. (2-3) for analytically solving the corresponding time-
dependent Schro¨dinger equation (1). To this end, correspond-
ing the ”Hamiltonian” (8) we first look for an invariant I(z),
which satisfies the condition:
∂I(z)
∂z
= −j[H(z), I(z)]. (9)
Such an invariant can be formally constructed as [44]:
I(z) =
1
2
 0 cos γ sin θ −j sin γcos γ sin θ 0 cos γ cos θ
j sin γ cos γ cos θ 0
 , (10)
and the relevant parameters are determined by
Ω12(z) =
dθ
dz
cot γ sin θ − cos γ sin θ, (11)
and
Ω23(z) =
dθ
dz
cot γ cos θ − cos γ cos θ, (12)
Ω13(z) = j sin γ. (13)
Here, γ is a z−independent real parameter which is adjustable
for various designs. The eigenvectors of the invariant I(z) can
be easily written as:
|Φ0(z)〉 =
 cos γ cos θ−j sin γ
− cos γ sin θ
 , (14)
with the eigenvalue 0, and
|Φ±(z)〉 = 1√
2
 sin γ cos θ ± j sin θj cos γ
− sin γ sin θ ± j cos θ
 , (15)
corresponding to the eigenvalues ±1, respectively. Similarly to
construct the generic solution (3) of the Schro¨dinger equation
(1) by using the eigenstates of the dynamical invariant I(t),
now the generic solution to the coupled-mode equation (7) can
be expressed as
|Ψ(z)〉 =
∑
m=0,±
Cme
jαm(z)|Φm(z)〉, (16)
with
αm(z) =
∫ z
0
〈Φm(z′)|j ∂
∂z′
−H(z′)|Φm(z′)〉dz′, (17)
being the relevant Lewis-Riesenfeld phase. Specifically,
α0(z) = 0, (18)
for the eigenstate |Φ0(z)〉, and
α±(z) = ∓[θ(z)− θ(0)
sin γ
− z] (19)
for the eigenstates |Φ±(z)〉. Consequently, the modal ampli-
tude Am(z) and light power Pm(z) in the m−waveguide can
be generically expressed as
Am(z) = 〈Ψm|Ψ(z)〉, Pm(z) = |Am(z)|2. (20)
With the exact solution to the coupled-mode equation demon-
strated above, the propagations of the electromagnetic waves
along the three-waveguide coupled structure can be determined
completely, in principle. Inversely, the three-waveguide de-
vices for various applications can be designed precisely, once
the relevant parameters θ and γ are properly set. Note that the
above solution to the coupled-mode equation is beyond the
adiabatic limit, the three-wavguide coupled devices designed
by using such an exact solution is compacted, which is useful
to implement the device integrations.
III. DESIGNS OF THE 3D LIGHT COUPLERS FOR THE
DESIRED POWER DIVISIONS
Given the exact solution to the coupled-mode equations
constructed above, we are now discuss how to design the
compacted 3D light couplers for the potential applications in
integrated optics. Specifically, for a given initial condition,
e.g., the signal inputting along certain waveguides, it is re-
quired to design the proper lengths of the waveguides and
also the inter-waveguide coupling parameters for getting the
desired outputs. Simply, for a given input, e.g., Ak(0) 6= 0, we
investigate how to design the proper the optimized parameters
θ and γ for realizing the stationary power outputs:
Pm(L) = |Am(L)|2 = |〈Ψm|Ψ(L)〉|2, m = 1, 2, 3, (21)
with as short as possible length L of the waveguide device.
Typically, we discuss how the power of the electromagnetic
wave inputting along the waveguide 1 is divided into the three
waveguides throughout the 3D light coupler. In this case, the
boundary conditions at the input port of the coupler reads
|Ψ(0)〉 = |Ψ1〉 with γ(0) = ε, θ(0) = 0 and also
C0 = cos ε, C± =
1√
2
sin ε, (22)
and
α0(L) = 0, α±(L) = ∓( η
sin ε
− L) = ∓ξ. (23)
If the parameters θ(z) and γ are designed as:
γ = ε = const., (24)
and
θ(z) =
10η
L3
z3 − 15η
L4
z4 +
6η
L5
z5, (25)
with η being a z−independent adjustable variable, then the
modal powers at the outputs could be designed as:
P1(L) = |A1(L)|2 =| cos η[cos2 ε+ sin2 ε cos ξ],
+ sin η sin ε sin ξ|2 (26)
P2(L) = |A2(L)|2 = |j cos ε sin ε(cos ξ − 1)|2, (27)
4Fig. 2. (a) z-dependent coupling coefficients Ω12, Ω23 and the imaginary part
of Ω13 designed for implementing the given mode power conversion P1 →
P3. (b) Evolution of the modal power in the three-waveguide coupler along
z. Here, the relevant parameters in Eqs. (26-28) are set as: ε = 0.4036, η =
pi/2, L = 4mm.
and
P3(L) = |A3(L)|2 =| − sin η[cos2 ε+ sin2 ε cos ξ]
+ cos η sin ε sin ξ|2. (28)
with γ(L) = ε, θ(L) = η. Therefore, once the relevant
parameters have been properly designed, the desired 3D light
couplers for various power divisions can be implemented.
A. Modal power conversions
As the first example, we discuss how to design the 3D
light couplers for power conversions, which require completely
transfer the light power from one waveguide to another.
Suppose that the light is initially putted along the waveguide
1 at z = 0, with the modal function |Ψ1(0)〉 and the power
distribution P (0) = (P1(0), P2(0), P3(0)) = (1, 0, 0).
In order to implement the modal power conversion,
e.g.,P1 → P3, i.e., the light power distributions of the coupler
at the output port should be P (L) = (P1(L), P2(L), P3(L)) =
(0, 0, 1), the parameters ε and η in Eqs. (26-28) can be set as
η =
pi
2
, (29)
and
ξ =
η
sin ε
− L = 2kpi, (k = 0, 1, 2, · · · ). (30)
Note that k = 0 for L ≥ pi/2, and if k is a non-zero integer
the waveguide length L can be arbitrarily short. Specifically,
for k = 0 one can set
ε = 0.4036, η =
pi
2
, L = 4mm. (31)
Substituting Eq. (31) in Eqs. (24-25), the parameters γ and θ
can be obtained as
γ = ε = 0.4036, (32)
and
θ(z) =
5pi
43
z3 − 7.5pi
44
z4 +
3pi
45
z5. (33)
respectively. With Eqs. (12-14), once the coupling coefficients
Ω12(z) , Ω23(z) and the imaginary part of Ω13(z) are designed
as those shown in Fig. 2(a), Fig. 2(b) indicates clearly that
the desired mode power conversion, i.e., P1(0) is perfectly
converted into the P3(L).
Certainly, the length L of the coupler can be further shorten
by designing the proper parameters. For example, if we set
ε =
pi
4
, η = −1.5146, L = 1mm, (34)
and also
γ(z) = ε =
pi
4
, (35)
θ(z) = −15.146z3 + 22.719z4 − 9.0876z5, (36)
for the coupling coefficients Ω12(z) , Ω23(z) and the imagi-
nary part of Ω13(z) shown in Fig. 3(a), another modal power
conversion: P1 → P2, can be implemented:
P1(L) = 0, P2(L) = 1, P3(L) = 0. (37)
Here, the initial and final mode amplitude of the coupler
are ~A(0) = (A1(0), A2(0), A3(0)) = (1, 0, 0) and ~A(L) =
(A1(L), A2(L), A3(L)) = (0,−j, 0), respectively. This means
that the desired modal power conversion, i.e., P1(0) is per-
fectly converted into the P2(L). It is seen from Fig. 3(b)
that, with such a short coupler one can robustly implement
the modal power conversion, although the other modal could
be populated temporarily during the power conversion.
B. Modal power divisions
Below, we discuss how to design the 3D light power
dividers, i.e., to implement the divisions of the optical power
from the input waveguide to the other waveguides at the
designable splitting ratios.
First, let us consider how to implement the One-to-Two
power divisions, i.e., the power in the waveguide 1 is averagely
divided into the two waveguides.
(1) Case 1:P1 → 12P2 + 12P3
5Fig. 3. (a) z-dependent coupling coefficients Ω12, Ω23 and the imaginary
part of Ω13 designed for implementing the given mode power conversion
P1 → P2. (b) Evolution of the modal power in the three-waveguide coupler
along z. The relevant parameters in Eqs. (26-28) are set as follows: ε =
pi/4, η = −1.5146, L = 1mm.
The light is initially in the waveguide 1 only, i.e., the modal
function of the coupler at the input port is |Ψ(0)〉 = |Ψ1〉, and
the modal powers at the output should be
P1(L) = 0, P2(L) =
1
2
, P3(L) =
1
2
. (38)
Using Eqs. (26-28), we set
ε =
pi
8
, η =
pi
2
, L = 0.9631mm (39)
and also
γ = ε =
pi
8
, (40)
θ(z) =
5pi
0.96313
z3 − 7.5pi
0.96314
z4 +
3pi
0.96315
z5. (41)
If the real coupling coefficients Ω12, Ω23 and the imaginary
part of Ω13 are designed as those schematically shown in
Fig. 4(a), then changes of the modal power distributions along
the coupler can be implemented, see Fig. 4(b). After the
power division, the modal function at the output port reads
|Ψ(L)〉 = −j|Ψ2〉/
√
2− |Ψ3〉/
√
2.
(2) Case 2: P1 → 12P1 + 12P3
This means that the power of the light entering waveguide
1 is equally splitted into the waveguides 1 and 3, i.e.,
P1(L) =
1
2
, P2(L) = 0, P3(L) =
1
2
. (42)
Fig. 4. (a) z-dependent coupling coefficients Ω12, Ω23 and the imaginary
part of Ω13 designed for implementing the given mode power splitting P1 →
1
2
P2+
1
2
P3. (b) Evolution of the modal power in the three-waveguide coupler
along z. The relevant parameters in Eqs. (26-28) are set as follows: ε =
pi/8, η = pi/2, L = 0.9631mm.
To this aim, we set
ε = 0.031, η =
pi
4
, L = 0.2068mm (43)
and
γ = ε = 0.031, (44)
θ(z) =
2.5pi
0.20683
z3 − 3.75pi
0.20684
z4 +
1.5pi
0.20685
z5, (45)
Similarly, the real coupling coefficients Ω12, Ω23 and the
imaginary part Ω13 are designed as those schematically shown
in Fig. 5(a). It is seen from Fig. 5(b) that such a power division
can be implemented, with the modal function at the outport:
|Ψ(L)〉 = |Ψ1〉/
√
2− |Ψ3〉/
√
2.
It is emphasized that, the designs of the above parameters
for various desired power transfers are not unique. For one
function, many combinations of the parameters are possible.
As a consequence, the length L of the coupler is adjustable
for the convenience of the fabrication.
Second, the power division with various splitting ratios can
also be designed conveniently. For example,
(3) Case 3: P1 → 14P2 + 34P3.
6Fig. 5. (a) z-dependent coupling coefficients Ω12, Ω23 and the imaginary
part of Ω13 designed for implementing the given mode power splitting P1 →
1
4
P2 +
3
4
P3. (b) Evolutions of the modal powers in the three-waveguide
coupler along z. The relevant parameters are set as: ε = 0.031, η = pi/4, L =
0.2068mm.
To realize such an unequal power divisions, with P (0) =
(P1(0), P2(0), P3(0)) = (1, 0, 0) and the modal power at the
output is
P1(L) = 0, P2(L) =
1
4
, P3(L) =
3
4
, (46)
one may set
ε =
pi
12
, η =
pi
2
, L = 2.93mm (47)
and
γ = ε =
pi
12
, (48)
also
θ(z) =
5pi
2.933
z3 − 7.5pi
2.934
z4 +
3pi
2.935
z5. (49)
As a consequence, if the coupling coefficients Ω12, Ω23 and
the imaginary part of Ω13 are designed as those schematically
shown in Fig. 6(a), then Fig. 6(b) shows that the desired power
division could be implemented. Here, the modal function at
the output port reads |Ψ(L)〉 = −j|Ψ2〉/2−
√
3|Ψ3〉/2.
Thirdly, the coupler could be designed as an One-to-Three
power divider. For example,
(4) Case 4: P1 → 13P1 + 13P2 + 13P3.
Fig. 6. (a) z-dependent coupling coefficients Ω12 , Ω23 and the imaginary
part of Ω13 designed for implementing the given mode power splitting P1 →
1
4
P2 +
3
4
P3. (b) Evolutions of the modal powers in the three-waveguide
coupler along z. The relevant parameters are set as: ε = pi/12, η = pi/2, L =
2.93mm.
This requires that the power of the light entering along
waveguide 1 is equally splitted into the waveguides 1, 2 and
3. The power distributions of the light at the outport of the
coupler should be
P1(L) =
1
3
, P2(L) =
1
3
, P3(L) =
1
3
. (50)
To this end, let us set
ε = 0.3078, η = −pi
4
, L = 0.5495mm (51)
and
γ = ε = 0.3078, (52)
θ(z) =
2.5pi
0.54953
z3 − 3.75pi
0.54954
z4 +
1.5pi
0.54955
z5. (53)
Then, we design the coupling coefficients Ω12, Ω23 and Ω13 as
those schematically shown in Fig. 7(a). By numerical method,
we see from the Fig. 7(b) that the desired power divisions at
the output ports of the coupler can be implemented. Corre-
spondingly, the modal function at the outports of the coupler
reads: |Ψ(L)〉 = |Ψ1〉/
√
3− j|Ψ2〉/
√
3 + |Ψ3〉/
√
3.
Besides the designs demonstrated above, in general, this
technique can be applied to deliver various 3D light couplers
7Fig. 7. (a) z-dependent coupling coefficients Ω12 , Ω23 and the imaginary
part of Ω13 designed for implementing the given mode power splitting P1 →
1
3
P1+
1
3
P2+
1
3
P3. (b) Evolution of the modal power in the three-waveguide
coupler along z. The relevant parameters in Eqs. (26-28) are set as follows:
ε = 0.3078, η = −pi/4, L = 0.5495mm.
with arbitrary power ratios, once the relevant physical param-
eters, typically, e.g., γ and θ(z), are designed properly.
IV. DISCUSSION AND CONCLUSION
In the above designs and numerical simulations, the relevant
parameters were usually assumed to be set precisely. In
practical and also for the manufactures, various imperfections
exist actually. Therefore, it is necessary to consider their
robustness of the designs versus the parameter perturbations
of the device, e.g., the geometric defects. In fact, the errors
of the designs and manufactures may inevitably lead to the
function imperfections, affecting the conversion efficiency and
the accuracy of the split ratios of the light power. Therefore,
the robustness of the designs is required to be examined, being
directed against the imperfections of the set parameters.
Specifically, let us check the robustness of the designs
against the fluctuations of the coupling coefficients, which
exist usually in the fabrications. We introduce a parameter
called the fidelity F to describe the error robustness, e.g., F2
and F3 for the modal conversions: |Ψ1〉 → |Ψ2〉 and |Ψ1〉 →
|Ψ3〉, respectively. The fluctuations of the inter-waveguide
coupling coefficients could be simply set as Ω12(1 + δ),
Ω13(1+δ) and Ω23(1+δ), with the relatively-high error range:
Fig. 8. Fidelity F2 of the power conversion: |Ψ1〉 → |Ψ2〉, against the
relative error of the coupling coefficients.
Fig. 9. Fidelity F3 of the power conversion: |Ψ1〉 → |Ψ3〉, against the
relative error of the coupling coefficient.
−0.1 ≤ δ ≤ 0.1. In Fig. 8 and Fig. 9, we shows how the
fidelities: F2 and F3 of the power conversion devices change
with the relatively error, respectively. One can see that the
fidelities of the desired power conversions are still high; the
lowest fidelities are F2,3 > 97%. Therefore, the functions of
the designed couplers are not very sensitive to the deviations
of the coupling coefficients. This implies that the designs
are robustness against the potential fabrication errors of the
devices.
It is value to emphasize again that the refractive indexes
in the real dielectric waveguides can be complex. For exam-
ple, The refractive index of the multilayer planar waveguide
structure can be expressed as [40], [41]:
N = Nr + jNi, (54)
where Nr > 0 and Ni < 0. As a consequence, the coupling
coefficient between the TE modes of the slab waveguides can
be calculated as:
Ωml =
k20
∫∞
−∞Ψ
∗
m(N
2 −N2m)Ψldx
2βm
∫∞
−∞Ψ
∗
mΨmdx
, (55)
with Nm is the refractive index profile of the planar waveguide
structure, βm is the propagation constant and Ψm the trans-
verse mode field pattern of waveguid m. k0 = 2pi/λ0 is the
free-space wavenumber with λ0 being the free-space wave-
length. Therefore, our designs using the appropriate complex
coupling coefficient Ω13 is feasible.
In summary, with the quantum-optical analogies we develop
a systematic method to design the 3D light couplers for
implementing various desired power divisions. The method is
directly generalized from the time-domain dynamical invariant
8method, for exactly solving the Schro¨dinger equation of the
driven quantum system, into the spatial-domain invariant for
exactly solving the corresponding couple-mode equation of
the three-waveguide coupler. With such an exact solution,
the light power transfers between the waveguides in the
coupler can be precisely designs by engineering the physical
parameters of the coupler. Specifically, we demonstrated how
to design various 3D couplers compactly for various desired
power divisions. The fidelity of the designs against the
errors of the typical coupling coefficients is also discussed.
As the designs are beyond the usual adiabatic limit, the
sizes of the devices could be as short as possible. This is
particularly important for the 3D integrated optical technology.
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